Abstract Recently, B.-Y. Chen and O. J. Garay studied pointwise slant submanifolds of almost Hermitian manifolds. By using this notion, we investigate pointwise semi-slant submanifolds and their warped products in Sasakian manifolds. We give an example of such submanifolds and obtain several fundamental results, including a characterization for warped product pointwise semi-slant submanifolds of Sasakian manifolds.
Introduction
In [7] , B.-Y. Chen introduced the notion of slant submanifolds of almost Hermitian manifolds as a natural generalization of holomorphic (invariant) and totally real (anti-invariant) submanifolds. After Chen's characterization on slant submanifolds, the geometry of slant submanifolds became an active field of research in differential geometry. Later, A. Lotta [20] has extended this study for almost contact metric manifolds. After that, J. L. Cabrerizo et al. investigated slant submanifolds of a Sasakian manifold [6] . N. Papaghiuc introduced in [22] a class of submanifolds, called semi-slant submanifolds of almost Hermitian manifolds, which are the generalizations of slant and CR-submanifolds. Later on, Cabrerizo et al. [5] extended this idea for semi-slant submanifolds of contact metric manifolds and provided many examples of such submanifolds.
Next, as an extension of slant submanifolds of an almost Hermitian manifold, F. Etayo [16] introduced the notion of pointwise slant submanifolds of almost Hermitian manifolds. Recently, B.-Y. Chen and O. J. Garay [14] studied pointwise slant submanifolds of almost Hermitian manifolds. They have obtained several fundamental results, in particular, a characterization of these submanifolds. Later, K. S. Park [23] has extended this study for almost contact metric manifolds. In his definition of pointwise slant submanifolds of almost contact metric manifolds he did not mention whether the structure vector field ξ is either tangent or normal to the submanifold. Recently, B. Sahin studied pointwise semi-slant submanifolds and warped product pointwise semi-slant submanifolds by using the notion of pointwise slant submanifolds [26] . In [31] , we modified the definition of pointwise slant submanifolds of an almost contact metric manifold such that the structure vector field ξ is tangent to the submanifold. We have obtained a simple characterization for such submanifolds and studied warped product pointwise pseudo-slant submanifolds of Sasakian manifolds.
In 1969, R. L. Bishop and B. O'Neill [3] introduced and studied warped product manifolds. 30 years later, around the beginning of this century, B.-Y. Chen initiated in [9, 10] the study of warped product CR-submanifolds of Kaehler manifolds. Chen's work in this line of research motivated many geometers to study the geometry of warped product submanifolds by using his idea for different structures on manifolds (see, for instance, [2] , [17] , [21] and [27] ). For a detailed survey on warped product submanifolds we refer to Chen's books [11, 13] and his survey article [12] as well.
In [24] , B. Sahin showed that there exists no proper warped product semislant submanifold of Kaehler manifolds. Then, he introduced the notion of warped product hemi-slant submanifolds of Kaehler manifolds [25] . Recently, he defined and studied warped product pointwise semi-slant submanifolds and showed that there exists a non-trivial warped product pointwise semi-slant submanifold of the form M T × f M θ in a Kaehler manifoldM , where M T and M θ are invariant and proper pointwise slant submanifolds ofM , respectively [26] . For almost contact metric manifolds, we have seen in [19] and [1] that there are no proper warped product semi-slant submanifolds in cosymplectic and Sasakian manifolds. Then, we have considered warped product pseudoslant submanifolds (warped product hemi-slant submanifolds [25] , in the same sense of almost Hermitian manifolds) of cosymplectic [28] and Sasakian manifolds [29] .
Recently, K. S. Park [23] studied warped product pointwise semi-slant submanifolds of almost contact metric manifolds. He proved that there do not exist warped product pointwise semi-slant submanifolds of the form M θ × f M T inM , whereM is either a cosymplectic manifold, a Sasakian manifold or a Kenmotsu manifold such that M θ and M T are proper pointwise slant and invariant submanifolds ofM , respectively. Then he provided many examples and obtained several results for warped products by reversing these two factors, including sharp estimations for the squared norm of the second fundamental form in terms of the warping functions. Later, we also extended this idea in [31] to warped product pointwise pseudo-slant submanifolds of Sasakian manifolds. In this paper, we study warped product pointwise semi-slant submanifolds of the form M T × M θ of Sasakian manifolds.
The paper is organized as follows: In Section 2, we give basic definitions and preliminaries formulas needed for this paper. Section 3 is devoted to the study of pointwise semi-slant submanifolds of Sasakian manifolds. In this section, we define pointwise semi-slant submanifolds and in the definition of pointwise semi-slant submanifolds we assume that the structure vector field ξ is always tangent to the submanifold. We give an example of such submanifolds for the justification of our definition and a result which is useful to the next section. In Section 4, we study warped product pointwise semi-slant submanifolds of Sasakian manifolds. In [1] , we have seen that there are no warped product semi-slant submanifolds of the form M T × f M θ in a Sasakian manifold other than contact CR-warped products, but if we assume that M θ is a proper pointwise slant submanifold then there exists a non-trivial class of such warped products. In this section, we obtain several new results as a generalization of warped product semi-slant submanifolds and contact CR-warped product submanifolds. Throughout the paper, we assume that the structure vector field ξ is tangent to the submanifold.
Preliminaries
An almost contact structure (ϕ, ξ, η) on a (2n + 1)-dimensional manifoldM is defined by a (1, 1) tensor field ϕ, a vector field ξ, called characteristic or Reeb vector field and a 1-form η satisfying the following conditions
where I : TM → TM is the identity map [4] . There always exists a Riemannian metric g on an almost contact manifoldM satisfying the following compatibility condition
for any X, Y ∈ Γ (TM), the Lie algebra of vector fields onM . This metric g is called a compatible metric and the manifoldM together with the structure (ϕ, ξ, η, g) is called an almost contact metric manifold. As an immediate consequence of (2), one has η(X) = g(X, ξ) and g(ϕX, Y ) = −g(X, ϕY ). If ξ is a Killing vector field with respect to g, then the contact metric structure is called a K-contact structure. A normal contact metric manifold is said to be a Sasakian manifold. In terms of the covariant derivative of ϕ, the Sasakian condition can be expressed by
for all X, Y ∈ Γ (TM ), where∇ is the Levi-Civita connection of g. From the formula (3), it follows that∇
for any X ∈ Γ (TM). Let M be a Riemannian manifold isometrically immersed inM and denote by the same symbol g the Riemannian metric induced on M . Let Γ (T M ) be the Lie algebra of vector fields in M and Γ (T ⊥ M ) the set of all vector fields normal to M . Let ∇ be the Levi-Civita connection on M , then the Gauss and Weingarten formulas are respectively given bỹ
and∇
, where ∇ ⊥ is the normal connection in the normal bundle T ⊥ M and A N is the shape operator of M with respect to the normal vector N . Moreover, h :
Furthermore, A N and h are related by [32] 
for any X, Y ∈ Γ (T M ) and N ∈ Γ (T ⊥ M ). For any X tangent to M , we write
where P X and F X are the tangential and normal components of ϕX, respectively. Then P is an endomorphism of the tangent bundle T M and F is a normal bundle valued 1-form on T M . Similarly, for any vector field N normal to M , we put
where tN and f N are the tangential and normal components of ϕN , respectively. Moreover, from (2) and (8), we have
for any X, Y ∈ Γ (T M ). Throughout this paper, we assume the structure field ξ is tangent to M otherwise M is a C-totally real submanifold [20] . Let M be a Riemannian manifold isometrically immersed in an almost contact metric manifold (M , ϕ, ξ, η, g). A submanifold M of an almost contact metric manifoldM is said to be slant [6] , if for each non-zero vector X tangent to M at p ∈ M such that X is not proportional to ξ p , the angle θ(X) between ϕX and T p M is constant, i.e., it does not depend on the choice of p ∈ M and X ∈ T p M − ξ p .
A slant submanifold is said to be proper slant if neither θ = 0 nor θ = π 2 . We note that on a slant submanifold if θ = 0, then it is an invariant submanifold and if θ = π 2 , then it is an anti-invariant submanifold. A slant submanifold is said to be proper slant if it is neither invariant nor anti-invariant.
As a natural extension of slant submanifolds, F. Etayo [16] introduced pointwise slant submanifolds of an almost Hermitian manifold under the name of quasi-slant submanifolds. Later on, B.-Y. Chen and O.J. Garay studied pointwise slant submanifolds of almost Hermitian manifolds and obtained many interesting results [14] . In a similar way, K.S. Park [23] defined and studied pointwise slant submanifols of almost contact metric manifolds. His definition of pointwise slant submanifolds of almost contact metric manifold is similar to the pointwise slant submanifolds of almost Hermitian manifolds, therefore we have modified his definition by considering the structure vector field ξ is tangent to the submanifold and studied pointwise slant submanifolds of almost contact metric manifolds in [31] .
A submanifold M of an almost contact metric manifoldM is said to be pointwise slant if for any nonzero vector X tangent to M at p ∈ M , such that X is not propotional to ξ p , the angle θ(X) between ϕX and T *
is independent of the choice of nonzero vector X ∈ T * p M . In this case, θ can be regarded as a function on M , which is called the slant function of the pointwise slant submanifold.
We note that every slant submanifold is a pointwise slant submanifold, but the converse may not be true. We also note that a pointwise slant submanifold is invariant (respectively, anti-invariant) if for each point p ∈ M , the slant function θ = 0 (respectively, θ = In [31] , we have obtained the following characterization theorem.
Theorem 1 [31]
Let M be a submanifold of an almost contact metric manifold M such that ξ ∈ Γ (T M ). Then, M is pointwise slant if and only if
for some real valued function θ defined on the tangent bundle T M of M .
The following relations are immediate consequences of Theorem 1. Let M be a pointwise slant submanifold of an almost contact metric manifoldM . Then, we have
for any X, Y ∈ Γ (T M ).
The next useful relation for a pointwise slant submanifold of an almost contact metric manifold was obtained in [31] tF X = sin
for any X ∈ Γ (T M ).
Pointwise semi-slant submanifolds
Recently, B. Sahin [26] defined and studied pointwise semi-slant submanifolds of Kaehler manifolds. In this section, we define and study pointwise semi-slant submanifolds of Sasakian manifolds. 
θ is pointwise slant with slant function θ.
Note that the normal bundle T ⊥ M of a pointwise semi-slant submanifold M is decomposed as We also note that a pointwise semi-slant submanifold is proper if neither m 1 , m 2 = 0 nor θ = 0, π 2 and θ should not be a constant. Now, we provide the following non-trivial example of a pointwise semi-slant submanifolds of an almost contact metric manifold.
Example 1 Let (R 7 , ϕ, ξ, η, g) be an almost contact metric manifold with cartesian coordinates (x 1 , y 1 , x 2 , y 2 , x 3 , y 3 , z) and the almost contact structure
where ξ = ∂ ∂z , η = dz and g is the standard Euclidean metric on R 7 . Then (ϕ, ξ, η, g) is an almost contact metric structure on R 7 . Consider a submanifold M of R 7 defined by χ(u, v, w, t, z) = (u + v, −u + v, t cos w, t sin w, w cos t, w sin t, z), such that w, t (w = t) are non vanishing real valued functions on M . Then the tangent space T M is spanned by the following vector fields 
Clearly, we have
Then D = Span{Z 1 , Z 2 } is an invariant distribution and D θ = Span{Z 3 , Z 4 } is a pointwise slant distribution with pointwise slant function θ = cos
. Thus, M is a pointwise semi-slant submanifold of R 7 such that ξ = ∂ ∂z is tangent to M . Now, we obtain the following useful results for semi-slant submanifolds of a Sasakian manifold.
Lemma 1 Let M be a pointwise semi-slant submanifold of a Sasakian manifoldM . Then, we have
Proof The first and second parts of the lemma can be proved in a similar way.
From the covariant derivative formula of ϕ, we derive
Then from (3), (8) and the orthogonality of the two distributions, we find
Again, from the covariant derivative formula of ϕ, we get
Using (3), (8) and the orthogonality of vector fields, we obtain
Then from (11) and (6), we have
From the orthogonality of the two distributions the above equation takes the form
Hence, (i) follows from the above relation. In a similar way we can prove (ii).
Warped product pointwise semi-slant submanifolds
In this section, we study warped product submanifolds of Sasakian manifolds, by considering that one factor is a pointwise slant submanifold. In the following, first we give a brief introduction on warped product manifolds. In [3] , R.L. Bishop and B. O'Neill introduced the notion of warped product manifolds as follows: Let M 1 and M 2 be two Riemannian manifolds with Riemannian metrics g 1 and g 2 , respectively, and a positive differentiable function f on M 1 . Consider the product manifold M 1 × M 2 with its projections
for any vector field X, Y tangent to M , where ⋆ is the symbol for the tangent maps. A warped product manifold M = M 1 × f M 2 is said to be trivial or simply a Riemannian product manifold if the warping function f is constant. Let X be a vector field tangent to M 1 and Z be an another vector field on M 2 , then from Lemma 7.3 of [3] , we have
where ∇ is the Levi-Civita connection on M . If M = M 1 × f M 2 is a warped product manifold then the base manifold M 1 is totally geodesic in M and the fiber M 2 is totally umbilical in M [3] , [9] . By analogy to CR-warped products which are introduced by B.-Y. Chen in [9] , we define the warped product pointwise semi-slant submanifolds as follows.
Definition 2 A warped product of an invariant and a pointwise slant submanifolds, say M T and M θ of a Sasakian manifoldM is called a warped product pointwise semi-slant submanifold.
A warped product pointwise semi-slant submanifold is called proper if M θ is a proper pointwise slant submanifold and M T is an invariant submanifold of M .
The non-existence of warped product pointwise semi-slant submanifolds of the form M θ × f M T of Kaehler and Sasakian manifolds is proved in [26] and [23] . On the other hand, there exist a non-trivial warped product pointwise semi-slant submanifolds of the form M T × M θ of Kaehler manifolds [26] and contact metric manifolds [23] .
Note that a warped product pointwise semi-slant submanifold M = M T × f M θ is a warped product contact CR-submanifold if the slant function θ = π 2 . Similarly, the warped product pointwise semi-slant submanifold M = M T × f M θ is a warped product semi-slant submanifold if θ is constant on M , i.e., M θ is a proper slant submanifold.
In this section, we study the warped product pointwise semi-slant submanifold of the form M = M T × f M θ of a Sasakian manifoldM . To fill the gape in the earlier study, we obtain some results as a generalization.
On a warped product pointwise semi-slant submanifold M = M T × f M θ , if we consider the structure vector field ξ is tangent to M , then either ξ ∈ Γ (T M T ) or ξ ∈ Γ (T M θ ). When ξ is tangent to M θ , then it is easy to check that warped product is trivial (see [27] ), therefore we always consider ξ ∈ Γ (T M T ). First, we prove the following useful results.
Lemma 2 Let M = M T × f M θ be a warped product pointwise semi-slant submanifold of a Sasakian manifoldM such that ξ ∈ Γ (T M T ), where M T is an invariant submanifold and M θ is a proper pointwise slant submanifold of M . Then, we have
for any X ∈ Γ (T M T ) and Z, W ∈ Γ (T M θ ).
On the other hand, we can obtain
Using the covariant derivative formula of ϕ, we get
The second term in the right hand side of above relation is identically zero by using (3) and the orthogonality of vector fields. Then, from (5), (8), (15) and the orthogonality of vector fields, we find
Again, the last relation in the above equation is zero by using (3) and the orthogonality of vector fields. Then, from (9) and (14), we derive
Hence, the result follows from (17) and (18) by using (6)- (7) and (15).
Lemma 3 Let M = M T × f M θ be a warped product pointwise semi-slant submanifold of a Sasakian manifoldM such that ξ ∈ Γ (T M T ), where M T and M θ are invariant and pointwise slant submanifolds ofM , respectively. Then
Proof From (4), (5) and (8), we have
. Using (15) and taking the inner product with W ∈ Γ (T M θ ), we get (i). For the other parts of the lemma, consider any X, Y ∈ Γ (T M T ) and Z ∈ Γ (T M θ ), we have
From (2) and (15), we get
By covariant derivative formula of ϕ and the orthogonality of vector fields, we find
Using (3) and the fact that ξ ∈ Γ (T M T ), the first term in the right hand side of above equation vanishes identically and then by using (15) and the orthogonality of vector fields, we find (ii). Now, for any X ∈ Γ (T M T ) and
Again, using the covariant derivative formula of the Riemannain connection and (15), we get
Then from (3), (5) and (15), we derive
which is third part of the lemma. Hence, the proof is complete.
Lemma 4 Let M = M T × f M θ be a warped product pointwise semi-slant submanifold of a Sasakian manifoldM such that ξ ∈ Γ (T M T ), where M T is an invariant submanifold and M θ is a pointwise slant submanifold ofM . Then
Proof Interchanging X by ϕX, for any X ∈ Γ (T M T ) in Lemma 3 (iii) and using first part of Lemma 3, we get the required result.
We note that the similar relation like (19) in terms of ξ(ln f ) is obtained in (see Equation (9.10), Lemma 9.4 of [23] ).
Lemma 5 Let M = M T × f M θ be a warped product pointwise semi-slant submanifold of a Sasakian manifoldM such that ξ ∈ Γ (T M T ), where M T and M θ are invariant and pointwise slant submanifolds ofM , respectively. Then, we have
Proof Interchange Z by P Z, for any Z ∈ Γ (T M θ ) in Lemma 3 (iii) and after use of (12), we get (20) .
Similarly, if we interchange W by P W , for any W ∈ Γ (T M θ ) in Lemma 3 (iii), then we can obtain the following result.
Lemma 6 [23]
Let M = M T × f M θ be a warped product pointwise semi-slant submanifold of a Sasakian manifoldM such that ξ ∈ Γ (T M T ), where M T and M θ are invariant and pointwise slant submanifolds ofM , respectively. Then
Lemma 7 Let M = M T × f M θ be a warped product pointwise semi-slant submanifold of a Sasakian manifoldM such that ξ ∈ Γ (T M T ), where M T and M θ are invariant and proper pointwise slant submanifolds ofM , respectively. Then, we have
Proof Subtracting (21) from (19), we get (22) .
A warped product submanifold M = M 1 × f M 2 of a Sasakian manifoldM is said to be mixed totally geodesic if h(X, Z) = 0, for any X ∈ Γ (T M 1 ) and Z ∈ Γ (T M 2 ), where M 1 and M 2 are any Riemannian submanifolds ofM .
From Lemma 7, we obtain the following result.
Theorem 2 Let M = M T × f M θ be a warped product pointwise semi-slant submanifold of a Sasakian manifoldM . If M is mixed totally geodesic, then either M is warped product of invariant submanifolds or the warping function f is constant on M .
Proof From (22) and the mixed totally geodesic condition, we have
Since g is a Riemannian metric, then either sin 2 θ = 0 or X(ln f ) = 0. Therefore, either M is warped product of invariant submanifolds or f is constant on M , thus the proof is complete.
Lemma 8 Let M = M T × f M θ be a warped product pointwise semi-slant submanifold of a Sasakian manifoldM such that ξ ∈ Γ (T M T ), where M T and M θ are invariant and pointwise slant submanifolds ofM , respectively. Then, we have g(A F P Z W, X) − g(A F W P Z, X) = 2 cos 2 θ X(ln f ) g(Z, W )
Proof Interchanging Z and W in (21) and using (10), we get g(h(X, W ), F P Z) = cos 2 θ X(ln f ) g(Z, W ) + ϕX(ln f ) g(Z, P W ) + η(X) g(Z, P W ) (24) for any X ∈ Γ (T M T ) and Z, W ∈ Γ (T M θ ). Subtracting (20) from (24), we find (23) .
Also, with the help of Lemma 8, we find the following result.
Theorem 3 Let M = M T × f M θ be a warped product pointwise semi-slant submanifold of a Sasakian manifoldM . If M is mixed totally geodesic, then either M is a contact CR-warped product of the form M T × f M ⊥ or the warping function f is constant on M .
Proof From (23) and the mixed totally geodesic condition, we have cos 2 θ X(ln f ) g(Z, W ) = 0.
Since g is a Riemannian metric, then either cos 2 θ = 0 or X(ln f ) = 0. Therefore, either M is a contact CR-warped product or f is constant on M , which ends the proof.
From Theorem 2 and Theorem 3, we conclude that:
Corollary 1 There does not exist any mixed totally geodesic proper warped product pointwise semi-slant submanifold M = M T × f M θ of a Sasakian manifold.
Also, from Lemma 2 and Lemma 8, we have the following result.
Theorem 4 Let M = M T × f M θ be a warped product pointwise semi-slant submanifold of a Sasakian manifoldM such that ξ ∈ Γ (T M T ), where M T is an invariant submanifold and M θ is a pointwise slant submanifold ofM . Then, either M is a contact CR-warped product of the form M = M T × f M ⊥ or ∇(ln f ) = tan θ ∇θ, for any X ∈ Γ (T M T ), where ∇f is the gradient of f .
Proof From Lemma 2 and Lemma 8, we have cos 2 θ{X(ln f ) − tan θ X(θ)} g(Z, W ) = 0.
Since g is a Riemannian metric, therefore we conclude that either cos 2 θ = 0 or X(ln f ) − tan θ X(θ) = 0. Consequently, either θ = π 2 or X(ln f ) = tan θ X(θ), which proves the theorem completely.
As an application of Theorem 4, we have the following consequence.
Remark 1 If we consider that the slant function θ is constant, i.e., M θ is a proper slant submanifold in Theorem 4, then Z(ln f ) = 0, i.e., there are no warped product semi-slant submanifolds of the form M T × f M θ in Sasakian manifolds. Hence, Theorem 3.3 of [1] is a special case of Theorem 4.
